The Einstein-Cartan-Saa theory of torsion modifies the spacetime volume element so that it is compatible with connection. The condition of connection-compatibility gives constraints on torsion, which are also necessary for the consistence of torsion, minimal coupling, and electromagnetic gauge invariance. To solve the problem of positivity of energy associated with the torsionic scalar, we reformulate this theory in the Einstein conformal gauge. In the presence of the electromagnetic field, we obtain the Hojman-Rosenbaum-Ryan-Shepley theory with a different factor in the torsionic kinetic term.
Introduction
In the Einstein-Cartan theory, which extends general relativity to nonsymmetric connection, spin is the source of torsion [1] . The equations relating torsion and spin are algebraic and torsion does not propagate [2] . To allow such a propagation, we need a differential equation for the torsion tensor S ρ µν . This is usually achieved by modifying the Einstein-Hilbert action and introducing a scalar field related to the torsion vector S ν = S µ µν [3, 4, 5, 6] . There are also models in which the torsion vector is proportional to the electromagnetic potential [7, 8, 9] .
The Lagrangian density for a gravitational field can be, in principle, given by any scalar constructed from the curvature, connection, and metric. The standard EinsteinHilbert Lagrangian of general relativity is linear in the curvature scalar R and torsion enters the dynamics through R. Such a Lagrangian is very natural from a physical point of view since it is linear in the second derivatives of the metric tensor. These derivatives can be taken out of the action using the Gauß theorem, making the Lagrangian a function of the metric and its first derivatives only [10] . The corresponding equations of field are thus second-order. If the gravitational Lagrangian is a more general function of R or other curvature invariants, the field equations remain second-order if we adopt the Palatini (metric-affine) variational principle according to which the connection and metric are a priori independent quantities and we vary the action with respect to both of them [11] . In this approach, the connection arises from the field equations and is not metric compatible, g µν;ρ = 0. † The Palatini variation of connection imposes four algebraic constraints on the matter part of the action, which are caused by invariance of the curvature scalar under a projective transformation of the connection [12, 13] . These constraints lead to inconsistencies which can be eliminated by replacing the connection with its projectiveinvariant part [13] . This procedure is equivalent to imposing the condition S µ = 0 [14] . In this case, we cannot associate the gradient of a scalar field with the torsion vector and induce propagation of torsion. Therefore, we follow the metric variational principle and fix the connection by assuming its metricity, g µν;ρ = 0.
In the presence of torsion, we must modify the covariant volume element so that it remains parallel [6] . Such a modification (found by Saa) is possible only if S µ is the gradient of a scalar, which gives four equations of constraint on the torsion tensor [15] . This condition is also necessary for the compatibility of torsion and gauge invariance of the minimally coupled electromagnetic field (the Hojman-Rosenbaum-Ryan-Shepley theory) [3] . ‡
In this paper we point out that the equations of field resulting from the action with the torsion-modified volume element violate positivity of energy for the torsionic scalar. The solution to this problem is a conformal transformation of the original † Except the case where the Lagrangian is linear in R and there is no torsion.
‡ According to the metric-affine principle of minimal coupling, the electromagnetic field tensor is defined as F µν = A ν,µ − A µ,ν and does not generate torsion [14] .
metric into a new metric in which the field equations have the form of those in general relativity [16, 17] . This new metric defines the Einstein gauge while the original one defines the Jordan gauge [18] . The paper is organized as follows. In section 2 we review the Einstein-Cartan theory with the torsion-modified volume element. In section 3 we reformulate this theory in the Einstein conformal gauge and apply it to the gauge invariant electrodynamics in the presence of torsion. The results are briefly summarized in section 4.
Covariant volume in the presence of torsion
In general relativity, a minimally coupled theory is constructed by replacing the metric of special relativity η µν with the metric of general relativity g µν , and by replacing ordinary derivatives with covariant derivatives (the comma-semicolon rule) [10] . The covariant derivative of a vector V µ is defined as
where the coefficients { ρ µ ν } are the Christoffel symbols:
In the presence of torsion
where the connection coefficients Γ 
This relation results from metric compatibility of the connection, g µν;ρ = g µν:
In a spacetime without torsion, a covariant volume element is √ −gd 4 x, and the scalar density √ −g is connection-compatible (parallel): √ −g :µ = 0. When the spacetime is not torsionless, this element is not parallel since
It is possible to find a parallel volume element if the torsion vector is the gradient of a scalar [15] :
In this case we have
and the volume element becomes
The contortion tensor (5) can be split into a traceless part and a trace (the torsion vector):
The curvature tensor is given by
and its contractions are the Ricci tensor R µν (Γ) = R ρ µρν (Γ) and the curvature scalar R(Γ, g) = R µν (Γ)g µν . The curvature scalar R(Γ, g) can be split into the Riemannian curvature scalar R(g) (constructed from { ρ µ ν } the same way as R(Γ, g) is constructed from Γ ρ µ ν ) and the part which contains torsion [6] :
The Lagrangian density for the gravitational field in the Einstein-Cartan theory with the modified volume element is given by [6] 
where we use the units in which c = G = 1. The second term on the right-hand side of equation (12) is a total covariant divergence of a vector and does not contribute to the field equations [10] . In the same equation we use the condition (7). For the reason explained in the next section, we replace the scalar field θ by another field φ such that
The action for the gravitational field is thus
We note that if C µνρ = 0, replacing the torsionic scalar by a new field ϕ = e −3φ
reproduces the Brans-Dicke action with ω = − 4 3
[19].
Scalar torsion in the Einstein gauge
The problem with this action is that the kinetic term of the torsionic scalar field has the negative sign and the action could drop without limit by arbitrarily fast change of φ, making the principle of least action impossible to apply. This is the feature of many scalar-tensor theories of gravity in the metric variational formalism [17, 18] . To solve this problem, we need to make a conformal transformation of the metric from the original Jordan gauge to the Einstein gauge in which the curvature scalar in the action is multiplied by a constant only, and the equations of field have the form of the Einstein equations [16] . Let us make a conformal transformation from the Jordan metric g µν to a new metric h µν :
where λ is a function of the coordinates. The Jordan and Einstein curvature scalars are related by [20] R(g) = e λ R(h) + 3λ
and all the quantities of the right-hand side of this equation are calculated using the new metric h µν .
To eliminate the exponential function multiplying R(g) in equation (15), we put
The action for the gravitational field in the Einstein gauge becomes
where the traceless part of the contortion in the new action is given by §
The sign of the kinetic term for the scalar field is now positive. The action (19) differs from the expression obtained without using the parallel volume element (9) by the factor 1 4 in the scalar kinetic term [21] . Let us apply the obtained results to the case of the electromagnetic field coupled minimally to torsion. The electromagnetic field tensor is a spacetime without torsion is given by
and is invariant under a gauge transformation A µ → A ′ µ = A µ + Λ ,µ . In the presence of torsion, the principle of minimal coupling requires the following definition:
Such a tensor is invariant under a generalized gauge transformation
provided that the torsion tensor is given by [3] 
This relation means that the torsion tensor is fully determined in terms of the torsion vector S µ = S ν νµ , and this vector has a potential, S µ = − 3 2 φ ,µ . The above constraint on torsion contains the condition for the existence of a parallel volume element (7), but it is stronger. The tensor (22) becomes
which looks more elegant if we use φ instead of θ. § To obtain equation (19) , we notice that we can rewrite (10) as K 
